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Abstract. In this note, we investigate genera of slopes of a knotted torus 
in the 4-sphere 5^ analogous to the genus of a classical knot. We compare 
various formulations of this notion, and use this notion to study the extendable 
subgroup of the mapping class group of knotted torus. 
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1. Introduction 

In the classical knot theory, the genus of a knot in the 3-sphere is a basic nu- 
merical invariant which has been well studied. In this note, we investigate some 
analogous notions for the slopes of a knotted torus in the 4-sphere S'^. These reflect 
certain essential difference between knotted tori and knotted spheres. Part of the 
results in this paper can be naturally generalized to study knotted surfaces in S^. 

By a knotted torus in S^, we mean a locally flat embedding: 

K -.T^ --^ S'^ 

from the torus to the 4-sphere. By abusing the notation, we also write the image 
of K as K whenever it causes no confusion. For any slope (i.e. an essential simple 
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closed curve) c C K, it makes sense to define the genus: 

9k{c), 

of c as tlic smallest possible genus of all the locally flat, oricntable, compact sub- 
surfaces F ^ S'^ whose image bounds c and meets K exactly in c. The genus of 
a slope is clearly an isotopy invariant of the knotted torus, and indeed, it is in- 
variant under extendable automorphisms. More precisely, if r is an automorphism 
(i.e. orientation-preserving self-homeomorphism up to isotopy) of that extends 
over as an orientation-preserving self-homeomorphism, then c and t(c) must 
have the same genus for any slope c C K. It is known that all such automorphisms 
form a subgroup: 

S-K < Mod(r2), 

of the mapping class group Mod(r^), called the extendable subgroup with respect 
to K. See Section 2 for more details. A primary motivation of our study is to 
understand S'k with the aid of the slope genera. 

Being natural as it is, the genus of a slope of a knotted torus is usually hard 
to be captured. In contrast, two conceptually weaker notions yield much more 
interesting applications. One is called the singular genus of a slope c, denoted as 
g^{c). It is defined by loosening the locally flat-embedding condition on F — 5*^ 
in the definition of the genus above to just being continuous. Another is called 
the induced seminorm on _ffi(T^), denoted as ||-||^. This is an analogue to the 
(singular) Thurston norm in the classical context. In Section 2, we show that 
the vanishing of the singular genus for a slope c C K yields the extendability of 
the Dehn twist Tc G Mod(T^) along c in certain stable sense, (Proposition 2.9). 
In Section 3, we prove an inequality relating the seminorms associated with the 
satellite construction, which is analogous to the classical Schubert inequality for 
knots in S^. 

It is remarkable at this point that both the singular genus and the seminorm 
of a slope are group-theoretic notions, which can be rephrased by the commutator 
length and the stable commutator length in the fundamental group of the exterior 
of the knotted torus, respectively, (Remarks 2.3, 3.5). 

As an application of these results, we study the braid satellites in Section 4. In 
particular, this allows us to obtain examples of knotted tori with finite extendable 
subgroups. In Section 5, we exhibit examples where the singular genus is positive 
for a slope with vanishing seminorm. This implies the singular genus is strictly 
stronger than the seminorm as an invariant associated to slopes. 

In Section 6, we list a few questions related to slope genera and the extendable 
subgroups for further studies. 
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2. Genera of slopes 

In this section, wc introduce the genus and the singular genus for any slope of a 
knotted torus K in S**. We provide criteria about the extendable subgroup Sk of 
Mod(T^) in terms of these notions. 

2.1. Genus and singular genus. Let X : ^ S** be a knotted torus in S'^, 
i.e. a locally flat embedding of the torus into the 4-sphere. Let: 

Xk ^ S^- K, 

be the exterior of K obtained by removing an open regular neighborhood of K. 

Lemma 2.1. Let be the closed orientahle surface of genus g, and Y he a simply- 
connected closed 4-manifolds. Suppose K : ^ Y is a null-homologous, locally 
flat embedding. Write X ~ Y ^ K for the exterior of K in Y . Then dX is 
canonically homeomorphic to F^ x , up to isotopy, such that the homomorphism 
Hi(Fg) — >■ Hi(X) induced by including F^ as the first factor Fg x pt is trivial. In 
particular, every essential simple closed curve c C Fg bounds a locally fiat, properly 
embedded, orientable compact surface S ^ Xk with dS embedded as c x pt. 

Proof. This is well-known, following from an easy homological argument. In fact, 
since K is null-homologous, the normal bundle of in F is trivial, so dX has a 
natural circle bundle structure p : dX — >■ Fg over Fg which splits. The splitting are 
given by framings of the normal bundle, which are in natural bijection to all the 
homomorphisms l : Hi(Fg) Hi{dX) such that p^o l: Hi{Fg) Hi{Fg) is the 
identity. Using the Poincare duality and the homology excisions, it is easy to see 
ifi(X) ^ Z and H^{X,dX) = 0. Thus the homomorphism H^{X) H^{dX) is 
injective, and the generator of Hi{X) induces a homomorphism a : Hi{dX) — Z. 
It is straightforward to check that a evaluates to be ±1 on the circle- fiber of dX , 
so the kernel of a projects isomorphically onto Hi{Fg) via p*. This gives rise to 
the canonical splitting dX = Fg x . It follows clearly from the construction that 
Hi {Fg) — >■ Hi {X) is trivial. Moreover, if c x pt is an essential simple closed curve on 
K X pt, it is homologically trivial in X, so it represents an clement [ai, 6i] ■ ■ ■ [ak, bk] 
in the commutator subgroup of 7Ti(X). We take a compact orientable surface S' of 
genus k with exactly one boundary componennt, and there is a map j : S' X 
sending dS' homeomorphically onto c x pt. By a general position argument we 
may assume j to be a locally flat proper immersion, and doing surgeries at double 
points yields a locally flat, properly embedded, orientable compact surface S ^ X 
bounded by c x pt. □ 

This allows us to make the following definition: 

Definition 2.2. hot K : T'^ ^ S"^ he a. knotted torus. For any slope, i.e. an 
essential simple closed curve, c <Z K , the genus: 

of c is defined to be the minimum of the genus of F, as F runs over all the locally flat, 
properly embedded, orientable, compact subsurfaces of Xk bounded by c x pt C 
dXx, (cf. Lemma 2.1). The singular genus: 
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of c is defined to be the minimum of the genus of F, as F runs over all the com- 
pact orientable surfaces with connected nonempty boundary such that there is a 
continuous map F — >■ Xk sending dF homeomorphically onto c x pt. 

Remark 2.3. Recall that for a group G and any element u in the commutator 
subgroup [G,G], the commutator length: 

d{u), 

of u is the smallest possible integer fc > such that u can be written as a product 
of commutators [ai, 6i] • • ■ [uk, bk], where a^, bi G G, and i = 1, ■ ■ ■ ,k. Note that 
elements of [G, G] that are conjugate in G have the same commutator length. As 
indicated in the proof of Lemma 2.1, it is clear that the singular genus ffjf (c) is the 
commutator length cl(c), regarding c as an element of the commutator subgroup of 

2.2. Extendable subgroup. Let Mod(T'^) be the mapping class group of the 
torus, consisting of the isotopy classes of orientation-preserving self-homeomorphisms 
of Fixing a basis of Hi{T'^), one can naturally identify Mod{T'^) as SL(2,Z). 
We often refer to the elements of Mod(r^) as automorphisms of T^, and do not 
distinguish elements of Mod(T^) and their representatives. 

For any knotted torus K : ^ S^, an automorphism r G Mod(r^) is said to 
be extendable with respect to K if t can be extended as an orientation-preserving 
self-homeomorphism of via K. Note that this notion does not depend on the 
choice of the representative of r, (cf. [DLWY, Lemma 2.4]). It is also clear that all 
the extendable automorphisms form a subgroup of Mod(r^). 

Definition 2.4. For a knotted torus K : ^ S"^ , the extendable subgroup with 
respect to K is the subgroup of Mod(r^) consisting of all the extendable automor- 
phisms, denoted as: 

<ffK < Mod(T2). 

The extendable subgroup (S/f reflects some essential difference between knotted 
tori and and knotted spheres (i.e. 2-knots) in S^. For instance, it is known that (ok 
is always a proper subgroup of Mod(r^), of index at least three, ([DLWY], cf. [Mo] 
for the diffeomorphism extension case). Moreover, the index three is realized by 
any unknotted embedding, namely, which bounds an embedded solid torus x 
in S'^, ([Mo], cf. [Hi2] for the general case of trivially embedded surfaces). In [Hil], 
has been computed for the so-called spun T^-knots and twisted spun T^-knots. 
It is also clear that connecting sum with a knotted sphere in S"* does not change 
the extendable subgroup. However, for general knotted tori in S*^, the extendable 
subgroup (OK is poorly understood. 

In [LIY], Susumu Hirosc and Akira Yasuhara considered the general diffeomor- 
phism extension for knotted closed surfaces K : F^ ^ X into any closed 4-manifold 
X, and showed that every automorphism r G Mod(F^) becomes extendable if one 
passed to a stabilized embedding K' : Fg#{S'^ x pt) ^ A'#(S'^ x S'^). Inspired 
by their construction, we come up with a milder process of stabilization, which 
preserves the fundamental group of the exterior: 

Definition 2.5. Let A' : ^ 5-4 knotted torus in S^. For any integers 

m, n > 0, we define the (m, n) -stabilization of K to be the embedding: 

K[m,n] : ^ (CP^)*'" # (CP2)#", 
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by removing the regular neighborhood of m + n points in S*^ disjoint from the image 
of K , and gluing copies of the punctured complex projective plane (CP^ — pt) and 
its orientation-reversal (CP^ — pt). Note the isotopy class of K[m,n] does not 
depend on the choice of the regular neighborhood of the m + n points. 

Definition 2.6. If K[m,n] is a stabilized knotted torus as above, we define the 
{■m,n)-stahle extendable subgroup <ox[m.n] to be the subgroup of Mod(T^) consist- 
ing of all the automorphisms of that extends over (CP^)'^'"#(CP^)'^" as an 
orientation-preserving self-homeomorphism via K[Tn,ri\. We also define the stable 
extendable subgroup as: 

oo oo 

= U U '^K[m..n]- 
m— n— 

It is clear that the stable extendable subgroup Sf^ contains the extendable sub- 
group S'k, but in general they are not equal. For instance, if K is unknotted, Sf^ 
equals Mod(T^), (Corollary 2.10), but <§k is a proper subgroup of index three in 
Mod(T^) as we have mentioned above. 

2.3. Criteria on stable extensions. In this subsection, we provide criteria on 
the stable extendable subgroup in terms of the singular genera. 

Proposition 2.7. Let K : ^ S'^ be a knotted torus. Then the following state- 
ments are true: 

(1) // the singular genus g*j^{c) takes infinitely many distinct values as c runs 
over all the slopes of K, then the stable extendable subgroup S"^ is of infinite 
index in Mod{T^); 

(2) // there are at most finitely many distinct slopes c C K with the singular 
genus g*j^{c) at most C for every C > 0, then the stable extendable subgroup 
'^K finite. 

Remark 2.8. Hence the same holds for the extendable subgroup Sk- Using a 
similar argument, one can also show that the statements remain true when replacing 
g*j^ with gK, and iSf^ with Sk- 

Proof. First observe that the singular genus of a slope is invariant under the action 
of a stably-extendable automorphism, namely, if r G Sf^, then g*i^{c) = .9x(''"('^)) 
for every slope c C K. This is clear because by the definition, r extends over 
X'j^ = XK#(CP2)#'"#(CP2)#" as a homeomorphism f : -> X'j^, for some 
integers m,n > 0. This induces an automorphism of tti{X'j^) = ni{XK), which 
preserves the commutator length of c. or cquivalently, the singular genus g'^{c), 
(Remark 2.3). 

To see Statement (1), note that Mod(r^) acts transitively on the space C of all 
the slopes on T^. It follows immediately from the invariance of singular genera 
above that the cardinality of value set of g^ is at most the index [Mod(r^) : S"^]. 
Thus if the range of gj^ is infinite, the index of S"^ in Mod(T^) is also infinite. 

To sec Statement (2), suppose r € (oj^. By the assumption and the invariance 
of the singular genus under r, for any slope c G K, there are at most finitely many 
distinct slopes in the sequence c, r(c), r^(c), • ■ • . Thus for some integers k > I > 0, 
r'^(c) is isotopic to t'(c), or in other words, t'^(c) is isotopic to c, where d = k — l. As 
c is arbitrary, t is a torsion element in Mod(r^), so S"^ is a subgroup of Mod(T^) 
consisting purely of torsion elements. It follows immediately that S'^ is a finite 
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subgroup from the well-knowu fact that Mod(T^) = SL(2,Z) is virtuahy torsion- 
free. Indeed, the index of any finite-index torsion-free normal subgroup N from 
Mod(r^) yields an upper bound of the size of □ 

Fix an orientation of the torus T^. For any slope c C on the torus, we denote 
the (right-hand) Dehn twist along c as: 

Tc : -> T^. 

More precisely, the induced automorphism on Hi{T^) is given by rc*(a) = a -I- 
/([c],a) [c], for all a G HiiT"^), where / : HiiT"^) x Hi{T'^) Z denotes the inter- 
section form. Note the expression is independent from the choice of the direction 
of c. 

Proposition 2.9. Let K : ^ S'^ be a knotted torus. Suppose c C is a slope 
with the singular genus (c) — 0. Then the Dehn twist Tc G Mod(T^) along c 
belongs to the stable extendable subgroup S'^. 

Since Mod(T^) = SL(2, Z) is generated by the Dehn twists along two basis slopes, 
we have following corollary, which, in particular, holds for any unknotted torus in 

Corollary 2.10. // the singular genus vanishes on all the slopes of a knotted torus, 
then all the automorphisms of the torus are stably extendable. 

In order to prove Proposition 2.9, we need some techniques used in [TIV]. Let 
F be a simply-connected, closed oriented 4-manifold, and let K : ^ Y he 
a null-homologous, locally flat embedding. By Lemma 2.1, the boundary of the 
compact complement X = Y — K has a canonical product structure dX ^ K x S^. 
Suppose ^ X is a locally flat, properly embedded compact oriented surface with 
connected boundary, such that dF is mapped homeomorphically onto a slope c x pt 
of K X pt. Take a parallel copy c x pt' C K x pt' of the slope, and perturb F to 
be another locally flat, properly embedded copy F' ^ X bounded by c x pt', so 
that F, F' are in general position. The algebraic sum of the intersections between 
F and F' gives rise to an integer: 

e(F; K) G Z, 

which we shall refer to as the Euler number of the normal framing of F induced 
from K. Note that this depends only on the class [F] G H2{X,K x pt). Indeed, 
there are natural isomorphisms H2{X, K x pt) = H^{X, dX \ [K x pt)) induced by 
the Poincarc-Lefschetz duality and H^{X,dX \ {K x pt)) = H^{X,K x pt) given 
by the fact that dX = K x S^. Thus the relative cup product: 

H^iX, K xpt) X H^iX, dX \ {K x pt)) ^ H^{X, dX) ^ Z, 

gives rise to a self-pairing / : H2{X,K x pt) x H2{X,K x pt) — > Z, and clearly 
e{F-K)^I{[FUF]). 

Lemma 2.11. Suppose Y is a simply-connected, closed orientable A-manifold, and 
let K -.T"^ ^Y be a locally flat embedding. If D is a locally flat, properly embedded 
disk in X = Y — K bounded by a slope c x pt on if x pt C dX with e{D; K) = ±1, 
then the Dehn twist Tc G Mod(T^) along c can be extended as an orientation- 
preserving self-homeomorphism of Y . 
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Proof. Following the arguments in the proof of [fl^ , Theorem 4.1] , take the compact 
normal disk bundle i^^i of D, identified as embedded in X such that i/d n {K x pt) is 
the subbundle jyuldD- Then e{D; K) = ±1 implies that vd H {K x pt) is a (positive 
or negative) Hopf band in the 3-sphere dvo-, whose core is c x pt. Thus Tc extends 
over y as a self-homeomorphism by [IIV, Proposition 2.1]. □ 

Proof of Proposition 2.9. Suppose c (Z K is a. slope with the singular genus g*x{c) ~ 
0, then there is a map j : — >■ Xk so that dD^ is mapped homeomorphically onto 
c X pt in dX = K X S^. We may also assume j to be an immersion by the general po- 
sition argument. Blowing up all the double points oi j(D^), we obtain an embedding 
j' : D"^ ^ X#(CP2)#'- for some integer r > 0. Suppose e{j'{D);K) equals s e Z. 
If s > 1, we may further blow up s — 1 points in j'{D) C ^^^(CP^)*''. This gives 
rise to j" : ^ X#(CP^)'^^''''"''^^-' satisfying the assumption of Lemma 2.11, 
so the Dehn twist Tc is extendable over X#(CP^)*'^''"*'''^^-', or in other words, 
Tc G (^WP, r + s — 1] in this case. If s < 1, a similar argument shows Tc e — s,r] 
using negative blow-ups. □ 

3. Induced seminorms on Hi{T'^]M.) 

In this section, we introduce the seminorm ||-||^ on i7i(r^;M) induced from any 
knotted torus K : T'^ S^. This may be regarded generalization of the 
(singular) Thurston norm in 3-dimensional topology. We prove a Schubert-type 
inequality in terms of seminorms associated with satellite constructions. 

3.1. The induced seminorm. There are various ways to formulate the induced 
seminorm, among which we shall take a more topological one. Suppose K : ^ 
5* is a knotted torus in 5^. We shall first define the value of ||-||^ on i7i(r^;Z) 
then extend linearly and continuously over Hi{K\M). 

Recall that for a connected orientable compact surface F, the complexity of F is 
defined as X-{P) ~ max {— x(F),0}. In general, for an orientable compact surface 
F = FiU ■ ■ ■ U Fs, the complexity of F is defined as: 

s 

x{F)=Y.^~(p^y 

For any 7 G Hi{T'^), identified as an element oi Hi{dXj(), there exists a smooth 
immersion of pairs {F,dF) {Xx, dXj^) such that is a (possibly disconnected) 
oriented compact surface, and that dF represents 7. We define the complexity of 
7 as: 

where F runs through all the possible immersed surfaces as described above. 
The fact below follows immediately from the definition. 

Lemma 3.1. With the notations above, 

(1) x{n'y) < nx(j), for any 7 G Hi{T^) and any integer n > 0; 

(2) x{i + 7") < x{i) -f x{i'), for any 7', 7" G Hi{T^). 

Definition 3.2. Let K : T"^ ^ S"^ he a knotted torus. For any 7 G Hi{T^), we 
define: 

I II . ^ x(m-f) 

iniiK = inf . 
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Lemma 3.3. The following statements are true. 

\k = Ai\\k 



(1) II "-tIIk — '^IItIIk; for my 7 G Hi{T'^) and any integer n > 0; 



(2) II7' + 7"IIk < 117'IIk + II7"IIk. for any 7', 7" e H,{T^). 

Proof. This follows from Lemma 3.1 and some elementary arguments. For any 
e > 0, there is some m > such that ||7||^ > ^^^^ — e, which by Lemma 3.1, 
> £(=I) _ e > _ e. Let e 0, we see |j7||^ > Moreover, for any 

e > 0, there exists m > such that ||?t.7||^ > ^^""^-^ — e > ^^11711^- — £• Let e — s- 0, 
we see ||?t-7||^ > '^11711^- This proves the first statement. To prove the second 
statement, for any e > 0, there are m',m" > such that ||7'||/f > ^^"^7 ^ — e, 
Il7"ll7c ^^"!ri'^ ~ ^' using Lemma 3.1, 

II 'II _L II "II ^ x{m'-/') x(m"i') 

7 K+ 7 U: > 1 — + J, 2e 

to' to" 

xim'm"^') x(m'm"y) 

m'm" m'm" 

^ x{m'm"{i + i')) 

~ m'm" 

> iiy+7"iix-2e- 

Let e 0, we see the second statement. □ 

Provided Lemma 3.3, we can extend radially over Hi{T^]Q), then extend 
continuously over Hi(T'^:R). This uniquely defines a seminorm: 

|H|^:i/i(T2;R)^[0,+^). 

Recall a seminorm on a real vector space F is a function ||-|| : V [0, +00) such 
that ||rw|l = \r\ \\v\\, for any r eR, v eV; and that ||w' + w"|| < ||w'|| + ||u"||, for 
any v',v" G V. It is a norm if it is in addition positive-definite, namely ||v|| = if 
and only if u S is zero. 

Definition 3.4. Let K : ^ S'^ he a. knotted torus, and c C be a slope. 

Then the seminorm ||c||^ is defined as |l[c]||^, where [c] G Hi{T^). 

Remark 3.5. Recall that for a group G and any clement u in the commutator 
subgroup [G, G], the stable commutator length: 

sci(uj = hm , 

ri— 5.+00 n 

where cl(-) denotes the commutator length (Remark 2.3). It is not hard to see that 
for any slope c C K, the seminorm ||c||^ equals scl(c), regarding c as an element of 
the commutator subgroup of tti{Xk), (cf. [r'a, Proposition 2.10]). 

The observation below follows immediately from the definition and Proposi- 
tion 2.7: 

Lemma 3.6. If c C K is a slope with ||c||^ > 0, then g^{c) > lliiK+i, Hence the 
stable extendable subgroup S"^ is finite «/ ||-||^ is nondegenerate. The same holds if 
replacing g*^ with gx and S'f^ with Sk- 
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3.2. The satellite construction. We consider the satellite construction for knot- 
ted tori analogous to that of classical knots in S^. Fix a product structure of 

^ X S^. We shall denote the standardly parametrized thickened torus as: 

The standard unknotted torus Tstd : C S** is known as a smoothly embedded 
torus such that T^ti bounds two smoothly embedded solid tori Z?^ x and 5*^ x 
in S**, respective to factors. It is unique up to diffeotopy of S"*. Let ^ S'^ be 

a knotted torus. There is a natural trivial product structure on a compact tubular 
neighborhood M{Kc) = x of Kc-, so that c x * is homologically trivial in the 
complement Xk^ for any slope c C T^. Thus there is a natural isomorphism: 

up to isotopy, as we fixed the product structure on T^. 

Definition 3.7. A pattern knotted torus is a smooth embedding : ^ 0^. 
The winding number w{K-p) of Kp is the algebraic intersection number of [K-p] G 
H2{Q*) and the fiber disk [pt x pt x D"^] G iJzlO^, (99^). 

Definition 3.8. Let : '-^ S'^ be a knotted torus and Kp : T"^ ^ 9^ be a 
pattern knotted torus. After fixing a product structure on T^, the satellite knotted 
torus, denoted as: 

K = K,- Kp, 

is the composition: 

We call the companion knotted torus. The desatellite Kp : ^ oi K is 
the knotted torus Kp = T^td ■ Kp. 

For any element 7 £ Hi{T'^) and a pattern A'p : ^ 9*, there is a push- 
forward element 7c G Hi{T^) under the composition: 

where the isomorphism respects the choice of the product structure on T^, and the 
last map is the projection onto the factor, li K = ■ Kp is a satellite with 
pattern Kp, one should regard 7 as an element of Hi(K), and 7c as an element of 
Hi{K,). 

3.3. A Schubert type inequality. The theorem below is analogous to the Schu- 
bert inequality in the classical knot theory ([Se, Kapitel II, §12]). 

Theorem 3.9. Suppose K — Kc ■ Kp is a satellite knotted torus in S"^. Then for 
anyjeH,iT^;R), 

WiWk > hU,- 

Moreover, if the winding number w{Kp) is nonzero, then: 

I|7|Ik>II7|Ik, + II7cIIk.- 
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We prove Theorem 3.9 in the rest of this subsection. 

Let Xk be the complement of the sateUite knot K = ■ in 5^. The satelhte 
construction gives a decomposition: 

glued along the image of 90^. Y is diffeomorphic to the complement of in 0^, 
so it has two boundary components, namely the satellite boundary dsY which is 
OXk, and the companion boundary dcY which is the image of 90'*. 

Similarly, the complement X^ can be decomposed as F U Xt,^^- 

The first inequality is proved in the following lemma: 

Lemma 3.10. > hH^^. 

Proof. We equip Xk^ with a finite CW complex structure such that there is only one 

0- cell and the 0-cell is contained in dX^^, which is a subcomplex of X^^- Let X^^ 
be the union of dXx^ and the g-skeleton of X^^ ■ We may extend the identity map 
on y to a continuous map f -.Y^JX)^' Xf, . To see this, note that the inclusion 
map dXx — >■ Xk induces a surjective map on Hi for any K : ^ S'^, so the 
identity map on OXk^ induces a natural isomorphism Hi{XkJ — Hi{Xt,^^)- Every 

1- cell in Xk^ represents a 1-cycle, we can extend idg^y to a map f \ : X^'^ ^Tm, 

so that the induced map — > Hi{Xt,^J agrees with the map on the first 

homology induced by xj^-* ^ Xk^- It is easy to see ^r„d — S'* V S"^ V S*^, so 

tti{Xt,^^) — Z. Hence the previous /| can be further extended as /| : X^^' — !• Xx^^^ 
as the boundary of any 2-cell is mapped to a nuU-homotopic loop in X^,^^ by the 
construction. 

Thus wc obtain a map f : Y U Xj^ Xj^ by the map above and the identity 
on Y. Let j : F S-> Xk be an immersed compact orientable surface such that 
j(dF) C OXk- We may assume F meets dcY transversely. We homotope j to 
j' : _F — 5- y U X^' . Then we obtain a map f o j' : F ^ X^ which may be 
honiotopcd to an immersion. As F is arbitrary, this clearly impies ||7||^ > ||7||;f 
by the definition of the seminorm. □ 

Now we proceed to consider the case when w{Kf) ^ 0. The image of pt x 
pt X dD^ C Y under the natural inclusion Y C Xk will be denoted ^c- We call 
jic the companion meridian. The following lemma follows immediately from the 
construction: 

Lemma 3.11. Identify Hi{Xk J = Z andHi(XK) = Z, thenHi{XK,) Hi(Xk) 
is the mulplication by w{K.p). 

Proof. Note Hc represents a generator of Hi{XkJ- By definition of w{K-p), is 
homologous to w{Kp) times the meridian of K . The lemma follows as the meridian 
of K generates Hi{Xk) == 2 by the Alexander duality. □ 

Lemma 3.12. Ifw{K.p) ^ 0, then the inclusion map d^Y C Y induces an injective 
homomorphism Hi(dcY) Hi{Y). In particular, the inclusion map d^Y (Z Y is 
TT I -injective. 

Proof. By the long exact sequence: 

> H2{Y,d,Y) ^ Hi{d,Y) ^ ifi(r) ^ • . • , 
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it suffices to sliow H2{Y,dcY) is finite, since Hi{dcY) = Hi{dQ^) is torsion-free. 
By the Poincare-Lefsclietz duality and tlie excision, 

H2{Y,d,Y) = H^{Y,dsY) ^ H^{Q\K^). 

Tlie long exact sequence: 

is induced by the inclusion C B**, (or equivalently by A'p : ^ 9''). Since 
q4 ^ jt2^ iiTp induces a map /i : — > T^. It is also clear that w{K-p) is the degree 
of h. Since wiK^) ^ 0, it is clear that the map h* : H*(T'^) H*{T'^) is injective 
on ah dimensions, so must be H*{Q'^) — >• H*{K^). Thus H'^{'d^,K^) is finite from 
the long exact sequence. We conclude H2{Y,dcY) is finite as desired. □ 

Note it suffices to prove Theorem 3.9 for 7 G i/i(r^;Z). Remember we regard 
7 as in Hi{K), identified as the kernel of Hi{dXK) Hi{Xk)- For any e > 0, let 
j : F Xk be a properly immersed oricntablc compact (possibly disconnected) 
surface, i.e. j'^^IOXk) ~ dF, such that j*[dF] = 7717 for some integer to > 0, and 
that: 

h\\K<^<\h\\K + ^- 

We may assume F has no disk or closed component, so the complexity x{F) = 
— x(F). We may also assume F intersects dcY transversely, so j^^ {dcY) is a disjoint 
union of simple closed curves on F. Write F^, F^ for j~'^(Y), j^^{XK^), respectively. 

Lemma 3.13. Suppose w{Kp) ^0. If V is a component of F^ sueh that j{dV) C 
dcY , then there is a map j'\ : V — > d^Y , such that j'\gv — j ■ 

Proof. We may take a collection of embedded arcs ui , • • ■ ,u„ whose endpoints lie 
on dV, cutting V into a disk D. This gives a cellular decomposition of V. We may 
first extend the map j\gv ■ dV d^Y to a map j'\vw over the 1-skeleton of V. 
Let (j):dD^ be the attaching map. We have j'MdD] = j*[dV] in Hi{d^Y) 
by the construction. As w{K-p) ^ 0, by Lemma 3.12, Hi{dcY) Hi{Y) is an 
injective homomorphism, so = in Hi{dcY) since it is bounded by 

Thus i'^(f)f, [dD] = in Hi{dcY), and hence dD is nuU-homotopic in dcY under j' o0 
as TTi{dcY) ^ Hi{dcY), (remember dcY = 98^ is a 3-torus). Therefore, we may 
extend further over D to obtain j' : V dcY as desired. □ 

Lemma 3.14. We may modify j : F ^ Xk within the interior of F, so that 
every component of j~^{dcY) that is inessential on F bounds a disk component of 

Proof. Let a C j^^{dcY) be a component inessential on F, and Z? C F be an 
embedded disk whose boundary is a. Suppose D is not contained in F^, then 
D n Fp 7^ 0. Any component oi D n Fp must have all its boundary components 
lying on j^^{dcY). By Lemma 3.13, we may redefine j on these components relative 
to boundary so that they are all mapped into Xc- After this modification and a 
small perturbation, either a disappears from j~^{dcY) (if dD C D H Fp), or at 
least one component of j~^{dcY) in the interior of D disappears (if dD C D Ci F^). 
Thus the number of inessential components of j~^{dcY) decreases strictly under 
this modification. Therefore, after at most finitely many such modifications, every 
inessential component of j^^{dcY) bounds a disk component of Fc. □ 



12 



Y. LIU, Y. NI, H.-B. SUN, AND S.-C. WANG 



Without loss of generality, we assume that j : F Xk satisfies the conclusion 
of Lemma 3.14. 

Lemma 3.15. There is a finite cyclic covering k : F ^ F such that for every 
essential component a S j~^{dcY) with [j(a)] ^ in Hi{Xk), and every component 
a of K~^{a), the image j{K{a)) represents the same element in Hi{Xk) =1i up to 
sign. 

Proof. Let ai, • • ■ , Os be all the essential components j~'^{dcY) such that [j(ai)] ^ 
in Hi{Xx) = Z. Let d > be the least common multiple of all the [j(ai)]'s. 
Consider the covering k : F F corresponding to the preimage of the subgroup 
d- Hi{Xk) under Tri{F) tti{Xk) Hi{Xk). It is straightforward to check that 
K satisfies the conclusion. □ 

Let K : F — 5- F be a covering as obtained in Lemma 3.15. Let d > be the 
degree of n, so x{F) ~ dx{F). Clearly = md"f, and also: 

Il7ll.<^<ll7ll. + .. 

Moreover, as any inessential component oi j^^{dcY) bounds a disk component of 
Fc, it is clear that any inessential component of (j o K)^^{dcY) bounds a disk 
component of F^ = k~^(Fc)- 

Therefore, instead of using j : F ^ Xfc, we may use j o k : F ^ Xx as well. 
From now on, we rewrite j o k as j, F as F, and md as m, so j : F Xk satisfies 
the conclusions of Lemmas 3.14, 3.15. 

Let Q C Fc be the union of the disk components of Fc- Let F^ be Fc — Q, 
and Fp be Fp U Q (glued up along adjacent boundary components). We have the 
decompositions: 

F = FpUFe = F;uF,'. 

Moreover, there is no inessential component of dF^ by our assumption on F, so 
F^' and Fp are essential subsurfaces of F (i.e. whose boundary components are 
essential) . 

Lemma 3.16. Suppose F is a compact orientable surface with no disk or sphere 
component, and Ei, E2 are essential compact subsurfaces of F with disjoint interiors 
such that F = Fi U F2. Then x{F) = x{Ei) + x{E2). 

Proof. Note x(F) = x(Fi) + x(-E'2)- As each Ei is essential, there is no disk 
component of F^, and by the assumption there is no sphere component, either. 
Thus, for each component C oi Ei, x{C) — — x(C). We have x{F) = x{Ei) + 
x{E2). ' □ 

The desatellite term in Theorem 3.9 comes from the following construction. 

Lemma 3.17. Under the assumptions above, there is a properly immersed compact 
orientable surface j : F^ X^ such that x{F^) < x{F^), and that j*[i9Fp'] = rnj 
inHi{T^). 

Proof. As F has been assumed to satisfy the conclusion of Lemma 3.15, there is an 
uj € Hi{Xk); such that every component of 9c Fp (i.e. Fp r\j~^{dcY)) represents 
either ±0; or 0, and the algebraic sum over all the components is zero since they 
bound j(F^') C Xk- Thus we may assume there are s components representing 0, 
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t components representing uj, and t components representing — cj, where s,t > 0. 
We construct by attaching s disks and t annuh to d^F^, such that each disk is 
attached to a component representing 0, and each annulus is attached to a pair of 
components representing opposite ±w-classes. Let V be the union of attached disks, 
and A be the union of attached annuh. The result is a compact orientable surface 
= U P U ^, such that dP^ = dF. It is clear that xiF^,) < x{F^ U A) = x{F^), 
(cf. Lemma 3.16). 

To construct j, we extend the map j\ : Fp ^ Y C X^^ = Y U Xt^^^ over 

Fp = FpUQUPU^, using the fact that 7ri(XT,,J = Hi{Xt,,^) = Z. Specifically, to 
extend the map over Q, let s be a component of 9c Fp bounding a disk component 
of Q. Then j„[s] = in Hi{Xk)- Hence it lies in the subgroup Hi{T^ x pt) of 
Hi{dQ'^) = Hi{dcY), and by the desatellite construction, j{s) should also be null- 
homologous in ^Trtd- We can extend j over the disk D C Q bounded by s. After 
extending for every component of Q, we obtain j\ : Fp U Q -t- Xj^ . Similarly, 

we may extend j\ over V. To extend over A, let A C ^ be an attached annulus 
component as in the construction. Let dA = s+ U s_, such that j*[s±] = ±w in 
Hi{Xk), respectively. By the desatellite construction, j*[s±] = iw in Hi{Xt,^^). 
Since t^i{Xt,^^) = Hi{Xt„J, j{s+) is free-homotopic to the orientation-reversal of 
j(s_). In other words, we can extend j\ over A. After extending for every attached 
annulus, we obtain j : Fp — >■ . 

Since jlgp, is the as j\dF under the natural identification, j^[dF^] — 7717 in 

i?i(r^), (where iJi(T^) may be regarded as either Hi{K) or Hi{K-p) under the 
natural identification). After homotoping j : F^ ^ Xj^ to a smooth immersion, 
we obtain the map as desired. □ 

The contribution of the companion term in Theorem 3.9 basically comes from 
F^'. However, j*[F^'] does not necessarily represent mjc, but may differ by a term 
of zero IHI/^ -seminorm. 

To be precise, note the image of any component of dQ C dcY under j lies in 
the kernel of Hi{dcY) — > Hi{Xk^), which we may identify with Hi{K^). Thus 
a = j*[dQ] € Hi{dcY) in fact lies in Hi{K^). It is also clear that j*[dFc] — m-f^ ^ 
Hi{K^) < Hi{dX). Thus /3 = m-f^ - a in Hi{K^) < Hi{d^Y) is represented by 
j;[F;]. We have: 

m7(. = a + /3. 

Lemma 3.18. With the notations above, \\a\\j^ ~ Q, and hence m\\'yc\\K ~\\P\\k- 

Proof. For any component s C dQ, s bounds an embedded disk component D 
of Q C F(. by the definition of Q. It follows that j{s) is null-homotopic in 
Xk^, and hence ||i*[s]||^- = 0. As this works for any component of dQ, we see 
W'^Wk ~ ^ 0- The 'hence' part follows from that ||-||/^ is a seminorm 

on Hl{Kp;R). " " □ 

We are now ready to prove Theorem 3.9. 

Proof of Theorem 3.9. The first inequality follows from Lemma 3.10. In the rest, 
we assume w{K.p) ^ 0. Let j : F °r> Xk be a surface that e-approximates W'^Wj^ as 
before. We may assume j satisfies the conclusion of Lemma 3.14 possibly after a 
modification. Possibly after passing to a finite cyclic covering of F, we may further 
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assume j satisfies the conclusion of Lemma 3.15 as wc have explained. We have the 
decomposition F = F^lJ of F into essential subsurfaces, so by Lemma 3.16, 

x{F) = x{F;) + x{F^). 

By Lemma 3.17, there is an immersed surface j ■ F^ representing 7717 in 

Hi{kp), with x(Fp') < xiFp, so: 

x{f;) > x{F;)>mM^^. 

By Lemma 3.18, since j| : F^. Xc is an immersed surface representing /? in 

<K) > m\K. = "^iitcIIk.- 

Combining the estimates above, 

x{F) > m(||7||A-, + ll7c|lK.^ 



thus: 



We conclude: 



hll,^ +II7c|Ik. < ^ < II7|Ia- + 



e. 



||7|Ik^ + II7c|Ia'. < II7I1a-- 

as e > is arbitrary. □ 

4. Braid satellites 

In this section, we introduce and study braid satellites. 

4.1. Braid patterns. We shall fix a product structure on = 5^ x throughout 
this section. There is a family of patterns arising from braids: 

Definition 4.1. Let b : ^ S^xD^ be a braid, i.e. a simple closed loop transverse 
to the fiber disks. Define the standard braid pattern Pf, associated to b as: 

Pb = idsi X 6 : X S'l e^ 

where Q"^ — x x is the thickened torus. The standard braid torus Kf, 
associated to b is defined as the desatellite Tgtd • Pb- 

Remark 4.2. Let fcf, be classical knot in 5'^ associated to &, i.e. the satellite knot 
with the trivial companion and the pattern b. The standard braid torus is 
sometimes called the spun T^-knot obtained from fc^. In [Hil], the extendable 
subgroup S'k^ has been explicitly computed. 

Lemma 4.3. If b : ^ x is a braid with winding number w{b), then 
w{Ph) = w{b). In particular, w{Pb) ^ 0. 

Proof. This follows immediately from the construction and the definition of winding 
numbers. □ 

We denote the classical knot in associated to 6 as fcf,. It is the satellite knot 
with the trivial companion and the pattern b. 

Proposition 4.4. Suppose b is a braid whose associated knot kb is nontrivial. 
Then: 

llpt X S'Wj,^ = 2g{kb) - I, and \\S^ x pt||^.^ = 0, 
where g{kb) denotes the genus of kb- 
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Proof. For simplicity, we write Kb, kh as K, k respectively. 

To see ||pt x 5^11^^ > 2g(fc) — 1, the idea is to construct a map between the 
complements / : Xk Mk, where Xk = S'^—K, and Mk = S^—k. Let Y C Xk be 
the image of the complement Q^ — Pb, and N C Mk be the image of the complement 
of X D"^ — b. There is a natural projection map f\ : Y ^ x N ^ N. As 
Mk — N is homeomorphic to the solid torus, which is an Eilenbcrg-MacLane space 
KCZ, 1), it is not hard to see that /| extends as a map / : Xk Mk- 

Provided this, for any properly immersed compact oricntablc surface j : F Xk 
whose boundary represents m[c], the norm of [/ o j{F)] is bounded below by the 
singular Thurston norm of k. As the singular Thurston norm equals the Thurston 
norm (cf. [(in]), which further equals 2g{k) — 1 for nontrivial knots, we obtain 
||ptx5i||^ >25(fc)-l. 

To see ||pt x S^\\j^ = 2(7(fc) — 1, it suffices to find a surface realizing the norm. 
In fact, one may first take an inclusion l : ^ x D^, where t — idgi x l' 
where i' : x — J> is an standard unknotted embedded, i.e. whose core is 
unknotted in and 5'^ x pt C S*^ x dD^ is the longitude. Then Kb factorizes 
through a smooth embedding x ^ (unique up to isotopy) via to Pb. This 
allows us to put a minimal genus Seifert surface of k into Xk so that it is bounded 
by the slope pt x S^. Thus ||pt x S^\\j^ = 2g{k) - 1. 

From the factorization above, we may also free-homotope (t o Pb)(S^ x pt) to 

X {pt'} where pt' is a point on dD'^ , via an annulus x [pt,pt'] where [pt,pt'] 
is an arc whose interior lies in — k. As 5^ x {pt'} bounds a disk outside the 
image of x in S^, we see \\S^ x pt||^. =0. □ 

4.2. Braid satellites. As an application of the Schubert inequality for seminorms, 
we estimate IHI^ for braid satellites of braid tori. We need the following notations. 

Definition 4.5. Let K : T'^ ^ S"* be a knotted torus in S"^, and r : ^ be 
an automorphism of T^. We define the t -twist K'^ of K to be the knotted torus: 

Kot:T^ ^ S^. 

It follows immediately that the scminorm changes under a twist according to the 
formula: 

ll7llK^ = l|r(7)ll;,- 

Fix a product structure = 5^ x S-^ as before. We denote the basis vectors 
[S^ X pt] and [pt x S^] on Hi{T^; R) as ^, 77, respectively. A braid satellite is known 
as some knotted torus of the form K^ ■ Pb' , where 6, b' are braids with nontrivial 
associated knots, and r G Mod(r^). It is said to be a plumbing braid satellite if 
t(^) = 77 and t(77) = 

Proposition 4.6. Suppose b, b' are braids with nontrivial associated knots, and r 
is an automorphism of . Let K be the satellite knotted torus K^ ■ Pb' . Then for 
any j = x ^ + y r] in Hi (T^ ; R) , 

hll^ > (2g' - 1) • |y| + (2,9 - 1) • \rx + sw'y\. 

Here g,g' > are the genera of the associated knots ofb, b' , respectively, and w' is 
the winding number ofb', and r, s are the intersection numbers ^ • t(^), ^ • t(?7), 
respectively. Moreover, the equality is achieved if K^ ■ Pb' is a plumbing braid 
satellite. 
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We remark that one should not expect the seminorm lower bound be realized in 
general. For instance, in the extremal case when r is the identity, 7:i(K) is exactly 
the knot group of the satellite of classical knots ■ b' , and the lower bound for the 
longitude slope is given by the classical Schubert inequality, which is not realized 
in general. However, the plumbing case is a little special. It provides examples 
of slopes on which the seminorm is not realized by the singular genus. In fact, 
when c G K is a slope representing x ^ + yi] e Hi (T^), where x, y are coprime odd 
integers, the formula yields that ||c||^ is an even number, so the integer g}^{c) can 

never be . We shall give some estimate of the singular genus and the genus 

for plumbing braid satellites in Subsection 4.3. 

The corollary below follows immediately from Proposition 4.6 and Lemma 3.6: 

Corollary 4.7. With the notations of Proposition 4-6, if t is an automorphism of 
not fixing ^ up to sign, then the stable extendable subgroup <§f^ o/Mod(r^) with 
respect to K , and hence the extendable subgroup Sk, is finite. 

In the rest of this subsection, we prove Proposition 4.6 

Lemma 4.8. With the notations of Proposition 4-6, 

hll^ > i2g' - 1) • \y\ + (25 ~ 1) • \rx + sw'y\. 

Proof. By Lemma 4.3 and Theorem 3.9, 

Mk > \\i\\k,+M1c)\\k,. 

By Proposition 4.4, 

hll;,^, - {2g'-l)-\y\. 

As b' is a braid, Pb' : — O'* ~ implies 7c = x^ + w'yrj. Write t as 

in SL(2, Z) under the given basis ^, rj. Note it agrees with the notations r, s in the 
statement. Then it is easy to compute that: 

t(7c) = {px + qw'y) ^ + [rx + sw'y) rj. 
By Proposition 4.4 again, 

\hilc)\\K, = {2g-l)-\rx + sw'y\. 
Combining these calculations, we obtain the estimate as desired. □ 

Lemma 4.9. With the notations of Proposition 4-6, if K is a plumbing braid 
satellite, 

WiWk < (2.g'-l)-|?/| + (25-l)-|x|. 

Proof. Because ||-||;^- is a seminorm (Lemma 3.3), it suffices to prove ||^||^- < 2g — 1 
and II 7? 11^ < 2g' — 1. The complement Xk is the union of the companion piece 
= S'^ — Kb and the pattern piece Y = Q'^ — Pb'. Note that tti{Xk^) = 7ri(MfeJ 
where Mk^ = — kb is the knot complement, and tti{Y) = Z x 7ri(i?;,/) where 
Rb' = 5^ X — b' is the braid complement. From the construction it is clear 
that ni{Y) — > tti{Xk) factors through the desatellitc on the first factor, namely, 
Z X TTi{Mk^,), so the commutator length of rj in tti{Xk) is at most that of rj in 
7ri(Mfcj^, ), which is 2g'. Moreover, the slope ^ G dXf( can be free-homotoped to a 
slope on OXki, since it is a fiber of F = S"^ x Rb', and by the construction, it 
is clear that represents the longitude slope of TTi{dMkJ in 7ri(MfcJ = ni{XK^), 
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SO the commutator length of ^ in tti{Xk) is at most that of in TTi(Mk^), which 
is 2g. This proves the lemma because the commutator length equals the singular 
genus g^, which gives upper bounds for the seminorm ||-||^- on slopes, (Remark 2.3 
and Lemma 3.6). □ 

Now Proposition 4.6 follows from Lemmas 4.8, 4.9. 

Remark 4.10. For plumbing braid satellites, since the norm is given by ||7||^ = 
{2g' — l)\y\ + {2g — l)\x\, the unit ball of the norm of plumbing satellite is the 
rhombus on the plane with the vertices {± ^^\^ , 0) and (0, ± ^^}_^ ). 

4.3. On genera of plumbing braid satellites. In this subsection, we estimate 
the singular genera and the genera of slopes for plumbing braid satellites. While we 
obtain a pretty nice estimate for the singular genera, with the error at most one, 
we are not sure how close our genera upper bound is to the optimistic. 

Proposition 4.11. Suppose b,b' are braids with nontrivial associated knots, and 
K is the plumbing braid satellite - Phi . Then for every slope c C K , the following 
statements are true: 

(1) The singular genus satisfies: 

In particular, if c represents xS, + yj] with both x and y odd, then g*x{c) — 

2 ' ^■ 

(2) If c represents x^ + yr] in Hi(T'^), where x,y are coprime integers, then 
the genus satisfies: 

, , , - i){\y\ - I) 

9k{c) < 9 ■ \x\ + g' ■ \y\ + ^ '-^ 

where g,g' > denote the genera of the associated knots kt,,ki,r in S'^ , 
respectively. 

We prove Proposition 4.11 in the rest of this subsection. We shall rewrite the 
slopes X pt, pt X S"^ C T^ as c^,Cr,, respectively. 

Lemma 4.12. There exist two disjoint, properly embedded, orientable compact 
surfaces E,E' ^ Xk, bounded by the slopes x p, Cri x p' in two parallel copies 
of the knotted torus K x p, K x p' G dX , respectively. Moreover, the genera of 
E, E' are g, g' , respectively, and the Euler number of the normal framing e{E; K) = 
e[E'-K) = 0. 

Proof. Regarding K as T^td • Pb ■ Pb' , there is a natural decomposition: 

Xk = Xq[JY\JY', 

where is the compact complement of the unknotted torus T^td. in S'^ , and Y, Y' 
are the exteriors of Pb,Pb' in the thickened torus 0^, respectively. Moreover, Y 
(resp. Y') has a natural product structure x Rj, (resp. x Rf), where Rt 
(resp. Rb') denotes the exterior of the braid b (resp. b') in the solid torus x D^. 
As before, dY (resp. dY') has two components dcY and dsY (resp. d^Y' and dsY'). 
Thus dXo is glued to dcY, and dsY is glued to dcY', and dsY' is exactly OXk. 
The knot complement Mk^ = — kb is the union of Rb with a solid torus 
X D^. From the classical knot theory, there is a Seifert surface S of kb properly 
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embedded in Alk^ ~ — kb of genus and one can arrange 5* so that it intersects 
X in a finite collection of n > w disjoint parallel fiber disks. Thus 5*6 = SDRt 
is a connected properly embedded orientable compact surface, so that dSb has one 
component on dsRb parallel to the longitude s, and n components ci, • • ■ , c„ on 
dcRb parallel to to pt x dD^. Similarly, take a connected subsurface Sb' C Rb' with 
n' boundary components , c^/ on the companion boundary, and one boundary 

component s' on the satellite boundary. 

Construct a properly embedded compact annulus Ey in Y' = x Rb' by taking 
the product of with some arc a C Rb' — Sb', so that the two end-points lie on 
dcRb' and dsRb' , respectively. Construct a properly embedded compact surface 
Ey, C Y' by taking the product of Sb' with some point in c^. Similarly, construct 
a properly embedded compact surface Ey in Y = Ctj x Rb by taking a product 
of Sb with some point in c,;; and construct a union of n' annuli Ey by taking 
the product of c,, with n' disjoint arcs a[, ■ ■ ■ , a[^, in Rb — Sb, each of whose end- 
points lie on dcRb and dsRb, respectively. Under the gluing, we obtain two disjoint 
properly embedded surface Ey UEy and Ey UEy, 'mYUY' , whose boundaries on 
dsY' = OXk ^ K X S^ arc x pt and c,, x pt, respectively. Moreover, it is clear 
that d{Ey U Ey) has n other boundary components on dcY = dXo = T^td x S^, 
parallel to x pt; and d{Ey U Ey,) has n' other boundary components on dcY, 
parallel to x pt. 

It is not hard to see that one can cap off these other boundary components with 
disjoint properly embedded disks in Xq. In fact, we may regard Tgtd : ^ S* as 
the composition: 

=^ c^xc^ ^ c^x ^ S^, 

where Crj is a trivial knot in D^. Thus the components of d{Ey U Ey,) that lie 
on dXo can be capped off in x disjointly. Moreover, the components of 
d{Ey U Ey) lying on OXq can be isotoped to the boundary of x D^, so that 
they are all c^-fibers. Because S^ — x is homeomorphic to x 5^, we may 
further cap off these fibers in the complement of x in S'^. 

It is straightforward to check that capping off Ey U Ey and Ey U Ey, result in 
the surfaces E and E' respectively, as desired. Note that e{E; K) vanishes because 
we can perturb the construction above to obtain a surface disjoint from E bounding 
a slope parallel to x pt in K x pt. For the same reason, e{E'; K) = as well. □ 

Proof of Proposition ^.11. (1) It suffices to show the upper bound. By Lemma 4.12, 
there are properly embedded surfaces E,E' in Xk bounded by x pt,c^ x pt, 
respectively, and the complexity of E and E' realizes Hc^H^ and ||ct;||^, respectively, 
(Proposition 4.6). Suppose c C A' is a slope representing + yrj. By the main 
theorem of [Ma], there exists an |a;|-sheet connected covering space E of E, which 
has exactly one boundary component if x is odd, or two boundary components 
if X is even. By the same method, there is also E' which is connected lyj-sheet 
covering E' with one or two boundary components. Since x and y are coprime, at 
most one of them is even, so E U E' have at most three components. Then there 
are immersions of these surfaces into Xk , and by homotoping the image of their 
boundaries to iiT x pt and taking the band sum to make them connected, we obtain 
an immersed subsurface F S-^ Xk bounding the slope c. Since we need to add up 
to two bands to make the boundary of F connected, this yields: 

25k(c) - 1 < -xiF) < {~xm ■ \x\ + {-x{E')) ■\y\ + 2= \\c\\^ + 2. 



ON SLOPE GENERA OF KNOTTED TORI IN THE 4-SPACE 



19 



Note that the last equaUty follows from Proposition 4.6 as we assumed K is the 
plumbing braid satellite. This proves the first statement. The 'in particular' part is 
also clear because when x, y are both odd, ||c||^ is an even number by the formula, 

|c|| 

so 2 + 1 is the only integer satisfying our estimation. 

(2) In this case, we take \x\ copies of the embedded surface E, and \y\ copies of 
the embedded surface E\ in Xk- Because the Euler numbers of the normal framing 
are zero for E and E' , we may assume these copies to be disjoint. Isotope their 
boundaries to K x pt in dXx, we see |a;| slopes parallel to c^, and \y \ slopes parallel 
to Cri- As there are \xy\ intersection points, we take \xy\ band sums to obtain a 
properly embedded surface F ^ Xk bounding the slope c. There are |a;| + \y\ — 1 
bands that contribute to making the boundary of F connected, and each of the 
other \xy\ — \x\ — \y\ + l bands contributes one half to the genus of F. This implies: 

Mc)<yiF)^y.\x\+y'.\y\ + M^^M^^ 
as desired. □ 

5. Slopes with vanishing seminorm but positive singular genus 

In this section, we exhibit examples where the seminorm vanishes on some slope 
with positive singular genus. Note we have already seen slopes whose singular genus 
do not realize nonvanishing seminorm in plumbing braid satellites, (cf. Proposi- 
tion 4.6). Our construction is based on the existence of incompressible knotted 
Klein bottles. 

Denote the Klein bottle as A knotted Klein bottle in 5^ is a locally flat 
embedding A' : <I>^ '-^ S''*. We usually denote its image also as AT, and the exterior 
Xk = S"* — at is obtained by removing an open regular neighborhood of K from 
S'^ as before in the knotted torus case. We say a knotted Klein bottle AT is incom- 
pressible if the inclusion DXk C Xk induces an injective homomorphism between 
the fundamental groups. There exist incompressible Klein bottles in 5*, see [Ka, 
Lemma 4] . 

Incompressible knotted Klein bottles give rise to examples of slopes on knotted 
tori which have vanishing seminorm but positive singular genus. 

Specifically, let AT : $^ 5^ be an incompressible knotted Klein bottle. Suppose 
K : -^^ $^ is a two-fold covering of the Klein bottle Pertubing Kok : ^ 
in the normal direction of A' gives rise to a knotted torus: 

K : T'^ ^ S^. 

Lemma 5.1. With the notations above, K has a slope c such that ||c||^ = 0, but 
9l{c) > 0. 

Proof. Let a C be an essential simple closed curve on K so that K~^{a) has two 
components c, c' C T^. Then c, c' are parallel on T^. We choose orientations on 
c, c' so that they are parallel as oriented curves. Let M{K) be a compact regular 
neighborhood of AT so that Y ~ M{K) — A' is a pair-of-pants bundle over AT. Then 
c is freely homotopic to the orientation- reversal of c' within Y . This implies that 
2 [c X pt] G Hi{Xp.) is represented by a properly immersed annulus A ^ 
whose boundary with the induced orientation equals cUc'. Therefore, ||c||^ equals 
zero. However, note that Xf. = Xk U Y, glued along OXk = dAf{K). Since AT is 
incompressible, OXk is 7ri-injective in Xk- It is also clear that both components 
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of dY are Tri-injcctive in Y. It follows that Tri{Y) injects into tti{Xj:^), and also 
that TTi{dXf^) injects into TTi(Xf^). Therefore, the slope c x pt in dXj^ ^ K x 
is homotopically nontrivial in TTi(Xf^), so 5^(c) cannot be zero. □ 

6. Further questions 

In conclusion, for a knotted torus K : ^ 5"* in 5"', the seminorm and the 
singular genus of a slope are meaningful numerical invariants which are sometimes 
possible to control using group theoretic methods. However, the genera of slopes 
seem much harder to be captured. It certainly deserves further exploration how 
to combine the group theoretic methods with the classical 4-manifold techniques 
when the fundamental group comes into play. 

We propose several further questions about genera, seminorm and extendable 
subgroups. Suppose K : ^ S'^ is a knotted torus. 

Question 6.1. When is the unit disk of the seminorm a finite rational poly- 
gon, i.e. bounded by finitely many segments of rational lines? (Cf. Remark 4.10.) 

Question 6.2. If the index of the extendable subgroup S'k in Mod(T^) equals 
three, is K necessarily the knot connected sum of the unknotted torus with a 
knotted sphere? 

Question 6.3. If the stable extendable subgroup S"^ equals Mod(T^), does the 
singular genus vanish for every slope? 

Question 6.4. If K is incompressible, i.e. dXx is 7ri-injective in the complement 
Xk, is the stable extendable subgroup S"^ finite? 

Question 6.5. For plumbing knotted satellites, does the upper bound in Proposi- 
tion 4.11 (2) realize the genus of the slope? 
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